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Abstract—Non-Gaussian operations have been studied inten-
sively in recent years due to their ability to enhance the
entanglement of quantum states. However, most previous studies
on such operations are carried out in a single-mode setting,
even though in reality any quantum state contains multi-mode
components in frequency space. Whilst there have been general
frameworks developed for multi-mode photon subtraction (PS)
and photon addition (PA), an important gap exists in that
no framework has thus far been developed for multi-mode
photon catalysis (PC). In this work we close that gap. We then
apply our newly developed PC framework to the problem of
continuous variable (CV) entanglement distribution via quantum-
enabled satellites. Due to the high pulse rate envisioned for such
systems, multi-mode effects will be to the fore in space-based CV
deployments. After determining the entanglement distribution
possible via multi-mode PC, we then compare our results with
the entanglement distribution possible using multi-mode PS and
PA. Our results show that multi-mode PC carried out at the
transmitter is the superior non-Gaussian operation when the
initial squeezing is below some threshold. When carried out at
the receiver, multi-mode PC is found to be the superior non-
Gaussian operation when the mean channel attenuation is above
some threshold. Our new results should prove valuable for next-
generation deployments of CV quantum-enabled satellites.
Index Terms—multi-mode state, non-Gaussian operations, en-
tanglement distribution, channel multiplexing.
I. INTRODUCTION
Non-Gaussian operations are important ingredients for vari-
ous quantum information tasks, such as quantum teleportation
[1], entanglement distillation [2], [3], and quantum error
correction [4]. Indeed, in this latter task non-Gaussian effects
are a necessary requirement due to the no-go theorem for error
correction in a pure Gaussian setting. Having the potential
to boost the loss tolerance of quantum states, non-Gaussian
operations are also widely studied in the noiseless amplifier
[5]–[7], and quantum key distribution [8]–[16].
At the core of non-Gaussian operations is the application of
the ladder operators aˆ and aˆ† to quantum states, thus altering
the photon number statistics. Considering single-mode states,
Photon Subtraction (PS), which applies aˆ to a state, was first
proposed in [17] as a means of producing cat-like states. The
operation was then utilized as an efficient way to improve the
entanglement of EPR states [18], [19]. The opposite operation,
Photon Addition (PA), which applies aˆ† to a state, has also
been shown to enhance the entanglement of EPR states, at
least in a lossless environment [20]–[22]. Studies combining
PA and PS (aˆ+ aˆ†) have also been undertaken e.g., [23]–[26].
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Such combinations further improve the entanglement but at the
price of lower efficiency. Different from PS and PA, Photon
Catalysis (PC) applies aˆ†aˆ to a state. That is, instead of adding
or subtracting photons to or from a state, respectively, the PC
operation replaces photons from the state. It has been shown
previously that PC can enhance entanglement of squeezed EPR
states [27], [28]. It can also partially recover the entanglement
of states that suffer attenuation [29].
For a given quantum link and initial entangled state, which
non-Gaussian operation provides the most entanglement im-
provement is an interesting question to ask. It turns out that,
the best non-Gaussian operation to perform is determined by
various settings including, but not limited to, the level of
entanglement of the entangled state, the channel conditions,
and the locale (transmitter or receiver) where the non-Gaussian
operation is performed. Considering all these facts there are
two interesting conclusions with regard to the PC operation in
the single-mode assumption. At the transmitter, PC provides
the most entanglement improvement when the squeezing of
the EPR states is below a certain threshold [30]. At the
receiver, PC is the best non-Gaussian operation to improve the
entanglement when the channel attenuation is above a certain
threshold [31].
However, the previous works discussed above are all under
the assumption that each beam of the EPR state only contains
a single frequency mode. In reality, any quantum state contains
multiple frequency modes - an issue of increased concern
when broadband pulses of light (narrow pulses in the time
domain) are utilized. In such broadband pulses, one frequency
mode of the EPR state can be entangled with many other
frequency modes. It is therefore natural to investigate whether
results derived from single mode analysis are retained for the
multi-mode case, or more generally, ask what impact can non-
Gaussian operations have on a multiplexed system. To this
end, a complete framework of all multi-mode non-Gaussian
operations is required. PS and PA in the the multi-mode
case have been investigated [32]–[37]. However, currently no
general framework for multi-mode PC has been established. A
key aim of our study is to remedy this situation by developing
the full framework for PC in the multi-mode setting. With
such a new framework in place we can then fully compare
the PS, PA and PC operations in the multi-mode setting. In
doing this, we will be particularly interested in the significant
potential for entanglement multiplexing gains within such a
setting [38]–[40].
Our comparison study will be focused on Earth-satellite
channels for the quantum entanglement distribution. Recent
advances in space-based deployment of quantum communica-
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tions [41] represent a significant step forward in the creation
of global-scale quantum networks. However, it is important
to further study quantum communications in this context in
the search for improvement in the communications set up,
particularly in regard to the global distribution of entanglement
- the key resource of any quantum network. Different from
[41], in this work we will be considering Continuous Variable
(CV) technology embedded in the satellite. For a review of
CV quantum communications via satellite see [42].
Our contributions in this work are,
• We develop, for the first time, a general framework for
PC in the multi-mode setting.
• We use this new PC multi-mode framework to investigate
improvements in entanglement distribution that can be
obtained via PC operations applied over Earth-satellite
channels.
• We show that the PC operation can be applied to many
effective single-mode states (termed ‘supermodes’ in what
is to follow) leading to a multiplexed entanglement gain
relative to pure single-mode states.
• Finally, we compare the performance of multi-mode PC
with multi-mode PS and multi-mode PA in terms of
entanglement distribution gains.
The rest of this paper is organized as follows. In Sec-
tion II we present our framework for the multi-mode PC. In
Section III we apply this framework to specific multi-mode
entangled states. In Section IV a comparison of multi-mode
PS, PA, and PC in terms of entanglement distribution over
Earth-satellite channels is provided. Section V concludes our
work.
II. THE GENERAL FRAMEWORK OF PHOTON CATALYSIS
A. The Single-mode Case
We begin with a review of the ideal single-mode photon
catalysis, which will serve as the cornerstone of the multi-
mode case in the next section. Denoting aˆ as the annihilation
operator of the ancillary state of the photon catalysis operation
and bˆ the annihilation operator of the state to be catalysed
(the input state), as illustrated in Fig. 1a, the single-mode n-
photon catalysis can be described by an operator Rˆn. In the
Fock basis, this operator has the form
Rˆn = 〈n| Uˆ (T ) |n〉
= 〈0| aˆ
n
√
n!
Uˆ (T )
aˆ†n√
n!
|0〉 , (1)
where Uˆ (T ) is the operator of a Beam Splitter (BS) with
transmissivity T . Using IWOP (Integration Within an Ordered
Product) techniques [43], Uˆ (T ) can be expressed as [44]
Uˆ (T ) = : exp
{
(
√
T − 1)
(
aˆ†aˆ+ bˆ†bˆ
)
+
(
aˆ†bˆ− aˆbˆ†
)√
(1− T )
}
:,
(2)
where : · : means simple ordering, i.e, ordering the annihi-
lation operators to the right without taking into account the
Fig. 1. (a) The single-mode n-photon catalysis. (b) The multi-mode single-
photon catalysis. Here for conciseness only three frequency modes are
illustrated.
commutation relations. A Fock state has the coherent state
representation
|n〉 = 1√
n!
∂n
∂αn
‖α〉
∣∣∣∣
α=0
, (3)
where ||α〉 = exp (αaˆ†) |0〉. Putting Eqs. (2) and (3) into
Eq. (1), Rˆn can be expressed as [45]
Rˆn =
√
T
n
: Ln
(
bˆ†bˆ
1− T
T
)
:
√
T
bˆ†bˆ
, (4)
where Ln (·) are the Laguerre polynomials. Particularly, when
n = 0 we have the single-mode zero-photon catalysis operator
Rˆ0 =
√
T
bˆ†bˆ
. (5)
When n = 1 we have the single-mode single-photon catalysis
operator
Rˆ1 =
(
−1− T√
T
bˆ†bˆ+
√
T
)√
T
bˆ†bˆ
, (6)
which can also be written as
Rˆ1 =
(
−1− T√
T
bˆ†bˆ+
√
T
)
Rˆ0. (7)
B. The Multi-mode Case
A multi-mode state is a superposition of single-mode states
with different frequency. Let aˆ†m be the creation operator of a
single-mode state at a specific frequency (indexed with m)1,
the creation operator for a multi-mode state is defined as
Aˆ†Γk =
∞∑
m=1
γk,maˆ
†
m, (8)
where Γk = [γk,1, γk,2, ..., γk,∞] is a normalized complex
vector describing the frequency profile of the multi-mode
state. The vector Γk is selected from a set of vectors, Γ =
{Γ1,Γ2, ...,Γ∞}. When the vector elements of Γ are mutually
1In experiments m will actually refer to a limited number of narrow band
of frequencies, the bandwidth being set by the resolution of the detectors.
Note, we do not take into account here real-world considerations of detector
limitations and the ability of detectors to address individual supermodes.
Instead we refer the reader to recent work in this area (e.g., [46]–[48]).
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orthogonal, the composed mode created by Aˆ†Γk is named a
supermode.
For the general multi-mode photon catalysis, two major
components appearing in the single-mode photon catalysis
need to be generalized. These are the Fock state and the BS
operator. We first define the multi-mode Fock state as
|n; Γk〉A =
Aˆ†nΓk√
n!
|0〉 , (9)
which consists of n photons with the same frequency profiles.
We assume that during the multi-mode photon catalysis each
single-mode component of the multi-mode state goes through
separate independent BSs. In this case, the multi-mode BS is
a parallel combination of single-mode BSs. The multi-mode
BS operator is defined as
Uˆ (T) =
∞⊗
m=1
Uˆm (Tm) , (10)
where Uˆm (Tm) is the single-mode BS operator given by
Eq. (2) (acting on a single-mode at the m-th frequency),
T = {T1, T2, ..., T∞} is the transmissivity set.
Let |ϕ〉in and |ϕ〉out be the input and output states, the multi-
mode n-photon catalysis operation can be given by
|ϕ〉out =
Rˆ
(M)
n√
P
|ϕ〉in , (11)
where P is the success probability for the photon catalysis2,
and Rˆ(M)n is the multi-mode n-photon catalysis operator. The
notation (·)(M) is used to distinguish a multi-mode non-
Gaussian operator from its single-mode counterpart. The op-
erator Rˆ(M)n has a general form
Rˆ(M)n =
{
〈0|
∏2n
k=n+1 AˆΓk√N2 Uˆ (T)
∏n
k=1 Aˆ
†
Γk√N1 |0〉 , n ≥ 1
〈0| Uˆ (T) |0〉 , n = 0
(12)
where Aˆ†Γk ’s are multi-mode creation operators defined in
Eq. (8), and N1,N2 ∈ [1, n!] are normalization constants. It is
worth noting that the n photons from the input ancillary Fock
state might have different frequency profiles. For the general
case, the frequency profiles Γk and Γk′ are not necessarily
orthogonal. The value for N1 is minimized when all the input
photons have orthogonal frequency profiles. In this case, the
input ancillary state consists of n supermodes. The value for
N1 is maximized when the profiles are identical. In this case,
the input ancillary state contains only one supermode. Similar
to N1, the value of N2 is determined by the frequency profiles
of the output detected photons.
III. MULTI-MODE SINGLE-PHOTON CATALYSIS (MSC)
From the operational point of view, the non-deterministic
property of the non-Gaussian operation is an important fact
to consider in any implementation [49], [50]. In this re-
gard, the single-photon non-Gaussian operations usually have
2In all our calculations we will assume the probability of generating the
required ancillary photons is one.
the highest success probability for a given type of non-
Gaussian operation, making them the best candidates for
practical implementation. As such, in this work we mainly
focus on single-photon non-Gaussian operations. The multi-
mode single-photon catalysis (MSC) operation is illustrated in
Fig. 1b. The MSC operator can be obtained by setting n = 1
in Eq. (12),
Rˆ
(M)
1 = 〈0| AˆΓ2Uˆ (T) Aˆ†Γ1 |0〉
=
( ∞∑
m,m′=1
−γ1,mγ∗2,m′
√
1− Tm
√
1− Tm′
Tm′
bˆ†mbˆm′
+
∞∑
m=1
γ1,mγ
∗
2,m
√
Tm
) ∞⊗
m=1
√
Tm
bˆ†mbˆm
.
(13)
We are more interested in the case of a frequency non-
selective beam splitter (Tm = T ) coupled to an ancillary
single-photon state that has frequency profile identical to the
output photon (Γ1 = Γ2 = Γk), which is quite common in
experiments [37]. In this work, we will always use this setup
when performing the non-Gaussian operations. In this case,
the MSC operator Rˆ(M)1 is reduced to
Rˆ
(M)
1 =
(
−1− T√
T
Bˆ†ΓkBˆΓk +
√
T
) ∞⊗
m=1
√
T
bˆ†mbˆm
, (14)
where
BˆΓk =
∞∑
m=1
γk,mbˆm. (15)
For the special case when γ1,m = γ2,m = δm,1, the MSC
operator is written
Rˆ
(M)
1 =
(
−1− T1√
T1
bˆ†1bˆ1 +
√
T1
)√
T1
bˆ†1bˆ1
, (16)
which is simply the single-mode single-photon catalysis oper-
ator (on a specific single-mode) given by Eq. (6).
A. Application of the MSC to a Specific Multi-mode Entangled
State
In the single-mode setup, an Einstein-Podolsky-Rosen
(EPR) state consists of two entangled single modes. Likewise,
in the multi-mode scenario, an EPR state consists of two entan-
gled supermodes. In the following , we label a supermode, Xk,
where X identifies a specific location, and k identifies a spe-
cific frequency profile (from a set of orthogonal profiles). For
convenience, we introduce another two normalized vectors that
characterize the frequency profiles of the two supermodes of
the EPR state. Labeling the two supermodes with Bk and Dk,
let Φk = [φk,1, φk,2, ..., φk,∞] and Ψk = [ψk,1, ψk,2, ..., ψk,∞]
be the frequency profiles of Bk and Dk, respectively, a multi-
mode EPR state is defined as
|EPRk〉BD =
∞∑
n=0
qk,n |n; Φk〉B |n; Ψk〉D , (17)
where
qk,n =
(√
1− tanh2 rk
)
tanhn rk, (18)
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and with rk being the squeezing parameter, and
|n; Φk〉B |n; Ψk〉D =
Bˆ†nΦk√
n!
Dˆ†nΨk√
n!
|0〉
:= |n, n; k〉BD ,
(19)
where
Bˆ†Φk =
∞∑
m=1
φk,mbˆ
†
m, (20)
and
Dˆ†Ψk =
∞∑
m=1
ψk,mdˆ
†
m, (21)
are the creation operators of the two supermodes.
Suppose we perform the MSC on Bk, the resultant state
reads
|ψout〉BD =
1√
P
Rˆ
(M)
1 |EPRk〉BD
=
1√
P
(
−1− T√
T
Bˆ†ΓkBˆΓk +
√
T
)
×
∞∑
n=0
qk,n
√
T
n |n, n; k〉BD .
(22)
Suppose the ancillary single-photon state for the MSC are
shaped to match the frequency profile of Bk, i.e., Γk = Φk.
The output state of the MSC operation can then be written
|ψout〉BD =
1√
P
∞∑
n=0
qk,n
√
T
n−1
[T − (1− T )n] |n, n; k〉BD
:=
1√
P
|MSCk〉BD ,
(23)
where |MSCk〉BD is an un-normalized multi-mode photon
catalysed EPR state. The success probability for the MSC
operation is given by P = Tr{|MSCk〉BD 〈MSCk|BD}.
B. Application of the MSC to General Multi-mode Entangled
States
More generally, the creation of EPR multi-mode entangled
states arise via a Parametric Down-Conversion (PDC) process
that leads to simultaneous production of multiple EPR states,
each consisting of a pair of entangled supermodes. In this
process, a pump laser beam is first fed into a nonlinear
crystal. Two correlated beams, labeled signal and idler, are
then created. The resultant state can be written in the discrete
form as [51]
|PDC〉BD = exp
i~g
∑
m,m′
Lm,m′ bˆ
†
mdˆ
†
m′ + H.c.
 |0〉,
(24)
where H.c. represents the Hermitian conjugate, g is the overall
gain of the PDC process, bˆ†m (dˆ
†
m′ ) is the creation operator
of the signal (idler) beam at the m-th frequency, and Lm,m′
is the Joint Spectrum Amplitude (JSA) function. The PDC
process is mainly characterized by the JSA function, which
can be decomposed to the following form using the Schmidt
decomposition,
Lm,m′ =
∞∑
k=1
λkψk,mφk,m′ , (25)
where λk’s are the Schmidt coefficients, and ψk,m and φk,m′
are entries of the Schmidt basis Ψk and Φk, respectively. The
PDC state can be viewed as multiple independent multi-mode
EPR states using the Schmidt decomposition. Specifically, the
PDC state can be re-written as
|PDC〉BD =
∞⊗
k=1
exp
[
rkBˆ
†
Φk
Dˆ†Ψk −H.c.
]
|0〉
=
∞⊗
k=1
|EPRk〉BD ,
(26)
where rk = gλk, Bˆ
†
Φk
and Dˆ†Ψk are the supermode creation
operators defined in Eqs. (20) and (21), and |EPRk〉BD is a
multi-mode EPR state defined in Eq. (17).
Given a collection of multiple EPR states (each consisting
of two supermodes) we need to define a detection strategy. The
detection strategy we adopt here is one in which the leading
supermode (that corresponding to highest eigenvalue) has the
MSC operator applied to it, while the remaining supermodes
have a zero-photon catalysis operator applied to each of them.3
This new operator can be written as
Rˆ
(M)
= Rˆ
(M)
1
∞⊗
k=2
Rˆ
(M)
0 , (27)
where
Rˆ
(M)
0 =
∞⊗
m=1
√
T
bˆ†mbˆm (28)
is the multi-mode zero-photon catalysis operator.
Applying Rˆ
(M)
to the PDC state yields
|ψout〉BD =
1√
P
Rˆ
(M) |PDC〉BD
=
1√
P
[
Rˆ
(M)
1 |EPR1〉BD
∞⊗
k=2
Rˆ
(M)
0 |EPRk〉BD
]
=
1√
P
[
|MSC1〉BD
∞⊗
k=2
|MZCk〉BD
]
,
(29)
where
|MZCk〉BD =
∞∑
n=0
qk,n
√
T
∑∞
m=1 bˆmbˆ
†
m |n; Φk〉B︸ ︷︷ ︸√
T
n|n;Φk〉B
|n; Ψk〉D
=
∞∑
n=0
qk,n
√
T
n |n, n; k〉BD
(30)
3We adopt this strategy for illustration. Other detection strategies, such as
the the case where the other supermodes have no catalysis operation applied
to them will lead to similar trends as those illustrated here - although details
may differ.
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is an un-normalized multi-mode zero-photon catalysed (MZC)
state. The success probability P for creation of |ψout〉BD is
written
P =Tr
{[
|MSC1〉BD
∞⊗
k=2
|MZCk〉BD
]
× H.c.
}
. (31)
C. Comparison of Non-Gaussian Operations
For comparison purposes (in the simulations to follow),
we also introduce two other multi-mode single-photon non-
Gaussian operations, namely the multi-mode single-photon
subtraction, and the multi-mode single-photon addition. We
also need to define a detection strategy for these new opera-
tions. For fairness, we assume the two comparison operations
are performed to the PDC state using a detection strategy
similar to that adopted for the MSC case. That is, we adopt
a strategy in which a multi-mode single-photon subtraction
(addition) is applied to the leading supermode, while the re-
maining supermodes have a zero-photon subtraction (addition)
applied to them. Considering that the zero-photon subtraction
(and the zero-photon addition) are equivalent to the zero-
photon catalysis, the operator for the multi-mode single-photon
subtraction can be written
Sˆ
(M)
= Sˆ
(M)
1
∞⊗
k=2
Rˆ
(M)
0 , (32)
where
Sˆ
(M)
1 = 〈0| AˆΦ1Uˆ (T) |0〉 (33)
=
√
1− T
T
BˆΦ1
∞⊗
m=1
√
T
bˆ†mbˆm
. (34)
Likewise, the operator for the multi-mode single-photon addi-
tion can be written
Gˆ
(M)
= Gˆ
(M)
1
∞⊗
k=2
Rˆ
(M)
0 , (35)
where
Gˆ
(M)
1 = 〈0| Uˆ (T) Aˆ†Φ1 |0〉
= −√1− TBˆ†Φ1
∞⊗
m=1
√
T
bˆ†mbˆm
.
(36)
IV. ENTANGLEMENT DISTRIBUTION OVER
EARTH-SATELLITE CHANNELS
In this section we study the entanglement property of the
non-Gaussian operations with a concrete example, namely, the
evolution of multi-mode states over Earth-satellite channels.
In entanglement distribution, Alice (at the transmitter) will
send the signal beam of the entangled state to Bob (at the
receiver). We will investigate two scenarios as shown in Fig 2.
In the first scenario the non-Gaussian operation is performed
before the multi-mode state enters the channel. In the second
scenario, the non-Gaussian operation is performed after the
state has passed through the channel. Three types of non-
Gaussian operations, namely the MSC, the multi-mode single-
photon subtraction, and the multi-mode single-photon addition
will be investigated. We begin this section with a discussion
of the Earth-satellite channel model.
Fig. 2. The entanglement distribution with a non-Gaussian operation at the
transmitter (a) or at the receiver (b). Here the red, green, and blue boxes
illustrate the transmitter, the channel, and the receiver, respectively. The
channel is represented by the operator Hˆ while the non-Gaussian operation
is denoted by the operator Rˆ.
Fig. 3. Evolution of the beam-profile over the atmospheric channel. The
dotted circle with radius r0 illustrates the receiver aperture, and the orange
eclipse represents the beam-profile at the receiver.
A. The Earth-satellite Fading Channels
In atmospheric channels, for optical beams the main
loss mechanisms are beam-wandering, beam-broadening, and
beam-deformation, all randomly caused by turbulence in the
Earth’s atmosphere [52]. The beam-broadening is also a con-
sequence of diffraction. At the receiver, the energy outside
the receiver aperture is lost. Over horizontal links the loss
mechanisms are well-described by a recent model proposed
by [53]. In this model, the profile of the received beam is
assumed to have an elliptical shape (see Fig. 3), which is
mainly characterized by five real random parameters, namely
the 2-D position of the beam-centroid (x, y), the semi-axes of
the ellipse W1 and W2, and the beam rotation angle φ. It is also
assumed that (x, y) follows a zero-mean Rayleigh distribution,
W1 and W2 are described by log-normal distributions,, and φ
is uniformly distributed. Let r0 be the receiver aperture radius,
then the channel transmissivity η reads
η = η0 exp
−
[ √
x2 + y2/r0
R( 2Weff (φ−φ0) )
]λ(2/Weff (φ−φ0)) , (37)
where φ0 = tan−1 yx ,
W 2eff(φ) = 4r
2
0
{
W
(
4r20
W1W2
e(r
2
0/W
2
1 )[1+2 cos
2(φ)]
× e(r20/W 22 )[1+2 sin2(φ)]
)}−1 (38)
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is the squared effective spot-radius, and
η0 = 1− I0
(
r20
[
1
W 21
− 1
W 22
])
e−r
2
0(1/W
2
1 +1/W
2
2 )
−2
[
1− e−(r20/2)[1/W1−1/W2]2
]
× exp
−
[
(W1+W2)
2
|W21−W22 |
R
(
1
W1
− 1W2
)
]λ( 1W1− 1W2 )
(39)
is the maximal attainable transmissivity achieved when
(x, y) = (0, 0) (i.e. no beam-wandering). In the above equa-
tions, W(·) is the Lambert W function, Ii(·) is the modified
Bessel function of i-th order, R(ξ) is a scaling function given
by
R(ξ) =
[
ln
(
2
1− exp [− 12r20ξ2]
1− exp [−r20ξ2] I0(r20ξ2)
)]− 1
λ(ξ)
, (40)
and λ(ξ) is a shaping function given by
λ(ξ) = 2r20ξ
2 exp [−r20ξ2]I1(r20ξ2)
1−exp[−r20ξ2]I0(r20ξ2)
×
[
ln
(
2
1−exp[− 12 r20ξ2]
1−exp[−r20ξ2]I0(r20ξ2)
)]−1
.
(41)
In [54] the elliptical model is combined with a scintillation
model to characterize the beam evolution over Earth-satellite
channels. This requires the introduction of the scintillation
index, which can be written [55]
σ2I = exp
 0.49σ2R(
1 + 1.11σ
12/5
R
)7/6 + 0.51σ2R(
1 + 0.69σ
12/5
R
)5/6
−1,
(42)
where σ2R is the Rytov variance given by [52]
σ2R = 2.25k
7/6 sec11/6 ζ
∫ h0+L
h0
C2n (h) (h− h0)5/6 dh,
(43)
where ζ is the zenith angle of the satellite, h0 the altitude
above sea level of the ground station, and C2n(h) the refractive
index structure constant. Using the Hufnagel-Valley model,
C2n(h) is described by [56]
C2n(h) =0.00594(v/27)
2(h× 10−5)10e− h1000
+ 2.7× 10−16e− h1500 +Ae− h100 , (44)
where v is the rms wind speed and A = C2n(0).
The mean and variance of {x, y, θ1, θ2} can be written
〈
θ1/2
〉
= ln
 (1 + 2.96σ2IΩ5/6)2
Ω2
√(
1 + 2.96σ2IΩ
5/6
)2
+ 1.2σ2IΩ
5/6
,
〈
∆θ1/2
2
〉
= ln
[
1 + 1.2σ2IΩ
5/6/
(
1 + 2.96σ2IΩ
5/6
)2]
,
〈∆θ1∆θ2〉 = ln
[
1− 0.8σ2IΩ5/6/
(
1 + 2.96σ2IΩ
5/6
)2]
,〈
∆x2
〉
=
〈
∆y2
〉
= 0.33W 20 σ
2
IΩ
−7/6,
(45)
where θ1/2 = ln
W 21/2
W 20
, W0 is the initial beam waist, Ω =
piW 20
Lλ ,
λ is the beam wavelength, and L is the propagation distance
of the transmitted beam.
B. Non-Gaussian Operations at the Transmitter
Suppose Alice first prepares a PDC state given by Eq. (26).
For clarity, we assume that this state only has some finite
number kmax of supermodes for each beam and Alice only
performs the multi-mode non-Gaussian operation on the lead-
ing supermode of the signal beam. Considering that the three
types of non-Gaussian operations have similar derivations, we
use the MSC operation as an example. The resultant state of
the MSC operation reads
|ψ〉BD =
1√
P
[
|MSC1〉BD
kmax⊗
k=2
|MZCk〉BD
]
, (46)
where
P =Tr
{[
|MSC1〉BD
kmax⊗
k=2
|MZCk〉BD
]
× H.c.
}
. (47)
Alice will send the signal beam through the channel, which
is modeled by a beam splitter with transmissivity ηm. We
also assume that the channel is a pure loss channel, so that
the environmental mode can be modeled by a vacuum state.
Employing the IWOP techniques the channel for Bk can be
represented by an operator
Hˆk =
∞⊗
m=1
[√
ηm
bˆ†mbˆm exp
(√
1− ηmeˆ†mbˆm
)]
|0〉 , (48)
where eˆ†m is the creation operator of the environmental mode.
For simplicity we assume that the channel is frequency non-
selective (i.e., ηm = η), the channel operator can be re-written
as
Hˆk =
[√
η
Bˆ†Φk BˆΦk exp
(√
1− ηEˆ†ΦkBˆΦk
)]
|0〉 , (49)
where Eˆ†Φk =
∑∞
m=1 φk,meˆ
†
m. Under frequency non-selective
assumption the supermodes remain orthogonal after the chan-
nel. The entire system, |ψ〉DBE , after the channel can be
written
|ψ〉BDE =
1√
P
[
Hˆ1 |MSC1〉BD
kmax⊗
k=2
Hˆk |MZCk〉BD
]
=
1√
P
∞∑
n=0
n∑
n′=0
q1,n
√
T
n−1
[T − (1− T )n] rηn,n′
× |n− n′, n; 1〉BD |n′; Φ1〉E
kmax⊗
k=2
∞∑
n=0
n∑
n′=0
qk,n
√
T
n
rηn,n′
× |n− n′, n; k〉BD |n′; Φk〉E ,
(50)
where
rηn,n′ =
√(
n
n′
)√
η
n−n′√
1− ηn
′
. (51)
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Fig. 4. Figures in the the left panel, from top to bottom, illustrate the optimal mean total log-negativity gain Gopttot for the two PDC states. The insets of
each figure illustrate the supermode structure of the PDC states. Figures in the right panel illustrate the optimal mean log-negativity gain rate Ropttot . Here the
multi-mode non-Gaussian operations are performed at the transmitter. (MSC: multi-mode single-photon subtraction, MSA: multi-mode single-photon addition)
C. Non-Gaussian Operations at the Receiver
In this section we discuss entanglement distribution with
multi-mode non-Gaussian operation performed at the receiver.
In this scenario Alice first prepares a PDC state at the
transmitter. She then directly sends the signal beam to Bob
through the channel while keeping the idler beam. The channel
alters the PDC state to the form
|ψ〉BDE
=
kmax⊗
k=1
Hˆk |EPRk〉BD
=
kmax⊗
k=1
[ ∞∑
n=0
n∑
n′=0
qk,nr
η
n,n′ |n− n′, n; k〉BD |n′; Φk〉E
]
.
(52)
After receiving the signal beam Bob will perform the MSC on
this beam. Similar to the transmitter case, we assume that Bob
performs the MSC on the leading supermode of the received
signal beam. The resultant state of this operation reads
|ψ′〉BDE
=
1√
P
∞∑
n=0
n∑
n′=0
q1,nr
η
n,n′
√
T
n−n′−1
[T − (1− T ) (n− n′)]
× |n− n′, n; 1〉BD |n′; Φ1〉E
kmax⊗
k=2
∞∑
n=0
n∑
n′=0
qk,nr
η
n,n′
√
T
n−n′
× |n− n′, n; k〉BD |n′; Φk〉E
:=
1√
P
|ψ′′〉BDE ,
(53)
where the success probability for the MSC operation reads
P = Tr (|ψ′′〉BDE 〈ψ′′|BDE) . (54)
D. The Measurement of Entanglement
We adopt the log-negativity ELN of the bipartite system as
the entanglement measurement. The log-negativity of a state
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Fig. 5. Same as Fig. 4 except that the multi-mode non-Gaussian operations are performed at the receiver. (MSC: multi-mode single-photon subtraction, MSA:
multi-mode single-photon addition)
ρ is given by [57]
ELN (ρ) = log2[1 + 2ε(ρ)], (55)
where ε(ρ) is the negativity defined as the absolute value of
the sum of the negative eigenvalues of ρPT . We use the total
log-negativity gain, which is defined
Gtot = max
[
kmax∑
k=1
(
ELN (ρk)− ELN (ρGk )
)
, 0
]
, (56)
as our performance metric. Here ρk is the non-Gaussian state
in the k-th supermode, and ρGk is the original Gaussian state
on which the non-Gaussian operation is performed. Since
the density matrix contains infinite terms, in general the
closed form solution to ELN is intractable. Therefore, we
approximate ELN by truncating the subsystems B, D, and
E to finite dimensions of NB , ND, and NE , respectively. The
density matrix of B and D is obtained by tracing out E in
the truncated density matrix. This provides a lower bound to
the log-negativity.
In devices which possess quantum memory the success
probability, P , for the non-Gaussian operations can be ne-
glected. For the situation where the quantum memory is
not applicable, we introduce another performance metric, the
entanglement gain rate, which reads Rtot = PGtot.
E. Simulation Results
For the Earth-satellite channel, we adopt the parameters
from [54]. These are h0 = 0, v = 6m/s, and C2n(0) = 9.6 ×
10−14m−2/3. We focus on vertical down-link channels, which
can be easily generalized to non-vertical cases. The initial
beam waist and the receiver aperture are set to W0 = 6cm
and r0 = 1m, respectively. We note that such a receiver
aperture is realistic for ground stations. In accordance with
the experiment in [48], the center wavelength of the beam is
set as λ = 795nm with a bandwidth of roughly 20nm. We
assume that all the frequency components undergo the same
attenuation as the central frequency component. In this case,
both the supermode structure and orthogonality of the PDC
state after the channel are retained.
A Monte Carlo algorithm is used to simulate the channel
since no closed-form solutions to the PDF of the channel
transmissivity η exists. Let ηs be the samples generated by the
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Monte Carlo algorithm, during state transmission, we assume
that the channel transmissivity can be measured for each
coherent time window, so that the transmissivity T for the
beam splitter for the non-Gaussian operations can be adjusted
to optimize Gtot or Rtot for every given ηs. We label the mean
optimized Gtot and Rtot by G
opt
tot and R
opt
tot , respectively.
Assuming that kmax = 5, we consider three PDC states
that have different supermode structures. For the first PDC
state, the energy of the supermodes, other than the leading
supermode, is assumed close to zero. This state is a good
approximation to a single-mode state. The second PDC state
is more realistic and contains more than one non-trivial super-
modes. For the last PDC state, we assume the 5 supermodes
have the same level of squeezing.
We first investigate the scenario where the non-Gaussian
operations are performed at the transmitter. In the left panel
of Fig. 4, Gopttot is shown as a function of the mean channel
attenuation η¯ [dB] = −10 log10 η¯ and the squeezing level
of the leading supermode r1 [dB] = −10 log10 [exp (2gλ1)],
where g is the PDC gain in Eq. (24). We find that the first
conclusion mentioned in the introduction is retained for the
multi-mode case. That is, at the transmitter the MSC provides
larger Gopttot when the initial squeezing is below a threshold. In
the multi-mode case this threshold is different from the single-
mode case, and is determined by the supermode structure
of the state. As such, the parameter settings under which a
specific non-Gaussian operation maximizes entanglement is
quite different in the single-mode and multi-mode cases. In
the right panel of Fig. 4, we compare Ropttot for the three non-
Gaussian operations. For the cases where quantum memory is
not applicable, MSC is still the best non-Gaussian operation to
increase the entanglement when the initial squeezing is below
a certain threshold.
We then study the scenario where the non-Gaussian oper-
ations are performed at the receiver. Similar to Fig. 4, in the
left panel of Fig. 5, Gopttot is illustrated as a function of η¯ [dB]
and r1 [dB]. We find that the second conclusion mentioned in
the introduction is also retained. That is, at the receiver, the
MSC provides larger Gopttot when η¯ is above a certain threshold
(similar for Ropttot as illustrated in the right panel of Fig. 5).
Note that the threshold value is a function of the supermode
structure of the state.
V. CONCLUSIONS
In this work we have established, for the first time, a frame-
work for multi-mode photon catalysis operations. Using our
new framework, and focusing on higher success-rate single-
photon operations, we then compared photon catalysis oper-
ation with photon subtraction and photon addition operations
when applied to Earth-satellite channels. Our results show that
the outcomes are dependent on whether the operations are
carried out at the transmitter or the receiver. In the former
case we find that multi-mode photon catalysis is the superior
non-Gaussian operation when the initial squeezing is below
some threshold. In the latter case we find that multi-mode
photon catalysis is the superior non-Gaussian operation when
the mean channel attenuation is above some threshold. Our
new results will be important for next-generation deployments
of quantum-enabled satellites that deploy CV technology. This
will be particularly the case when on-board quantum memory
becomes available.
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